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Optimization

 Univariate methods

 Multivariate methods

 Simulated annealing

 Genetic algorithms

Sources

 Biostatistics course – Goncalo Abecasis

http://csg.sph.umich.edu/abecasis

 Metaheuristic algorithms - Wendy Williams

http://www.dbai.tuwien.ac.at/

 Numerical Recipes in  C++ - 2nd/3rd edition.

 Additional books:
 Practical Optimization - P. Gill, W. Murray, M. Wright, 1981.

 Practical Optimization: Algorithms and Engineering 
Applications - A. Antoniou and W-S. Lu, 2007.
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Optimization

 Optimization - the process of finding the 
conditions that give the maximum or minimum 
of  a function.

Moving onwards the lecture will discuss minimization only, if a maximization is required use –f(x).

 Optimization objectives
 Local minimum - smallest value within finite 

neighborhood.

 Global minimum - the lowest possible value of the 
function (hard!).

 Constrained/Unconstrained solutions.

Types of minima
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Optimization – finite set

 Set of possible alternatives for the decision is 
a finite discrete set typically consisting of a 
small number of elements  scoring methods.

Example, minimize the cost of a course, choose between SDA or XXX:

Course Effort Gain Cost = Effort * 7 - Gain 

SDA 2 10 4

XXX 1 0 7

Optimization

 Unidimensional methods

 Multidimensional methods

 Simulated annealing

 Genetic algorithms

Optimization – infinite set

 The number of possible alternatives is either 
infinite, or finite but very large, and the 
decision may be required to satisfy some 
restrictions and constraints  unconstrained 
and constrained optimization methods

 Example: find the minimal value of f(x) = 
x2+3x+4 under the constraint g(x) = x3 > 4
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Optimization – Analytic solution

 Calculate the derivative. Identify all the zero 
values and calculate the second derivative to 
identify local minima.

 Compare the values of all the local minima to 
identify the global minima.

 For example:

f(x) = Ax2 + Bx + C 

f’(x) = 2Ax + b

Minimum: 0 = 2Ax + B 

x = -B/2A

Detour – Numeric solutions
Zero crossing

 Assume that you know:
 Point a where f(a) is positive

 Point b where f(b) is negative

 f(x) is continuous between a and b

 Find x such that f(x)=0

 Choosing new intervals ?!

 Bisection - narrow the interval by 0.5 during 
each iteration

Assessing the solution

 Accuracy

 Efficiency
 CPU time

 Memory

 In many cases this is equivalent 
to minimizing the number of 
function evaluations.
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Zero crossing
Segmenting via approximation (interpolation)

 Select new points using f*(x)=0

 Finding the zero of sin(x) within –
π/4 to π/2 with accuracy of 10-5

requires 17 calls using the 1st

method but only 5 using the 2nd. 

∗ ∙

Optimization - Numeric solution
Bracketing

1. Bracket minimum
 Find 3 points such that

 a < b < c

 f(b) < f(a) and f(b) < f(c)

2. Tighten bracketing interval

Initial bracketing interval

 Find two point: a, b  f(a) > f(b)

 Take successively larger steps beyond 

b until function increases.
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Tighten bracketing interval

 What is the best location for a new point X?

 We want to minimize the size of the next search 
interval which will be either from A to X or from B 
to C

Bracketing: Golden section

Bracketing
Improvement

 Performance can improve substantially when a 
local approximation.
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 Bracket the minimum.

 Fit a quadratic or cubic polynomial which 
interpolates f(x) at some points in the interval.

 Jump to the (easily obtained) minimum of the 
polynomial.

 Throw away the worst point and repeat the 
process.

Bracketing
Polynomial interpolation

Parabolic approximation

Parabolic approximation
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Parabolic approximation

 Fit a quadratic approximation to  f(x) using both 
gradient and curvature information at x.

 Expand f(x) locally using a Taylor series.

 Find the δx which minimizes this local quadratic 
approximation.

 Update x.

Newton method

 Quadratic convergence (decimal accuracy doubles at 
every iteration)

Newton method
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Optimization

 Univariate methods

 Multivariate methods

 Simulated annealing

 Genetic algorithms

 How big N can be?
 problem sizes can vary from a handful of 

parameters to many thousands 

 We will consider examples for N=2, so that 
cost function surfaces can be visualized.

Multivariate (N) optimization

One parameter at a time
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Descent

 Start at x0, k = 0.

1. Compute a search direction pk

2. Compute a step length αk, such that 
f(xk + αk pk ) < f(xk)

3. Update xk+1 = xk + αk pk

4. Check for convergence (stopping criteria) 
e.g. df/dx = 0 or

Reduces optimization in N dimensions to a series of (1D) line 
minimizations

k = k+1

One parameter at a time

Using the derivative



11

 Basic principle is to minimize the N-
dimensional function by a series of 1D line-
minimizations:

 The steepest descent method chooses pk to 
be parallel to the gradient

 Step-size αk is chosen to minimize f(xk + αkpk).

For quadratic forms there is a closed form 
solution:

Steepest descent

Optimization

 Univariate methods

 Multivariate methods

 Simulated annealing

 Genetic algorithms

Local Search algorithms 

 Local search algorithms have 2 key 
advantages:
 They use very little memory

 They can find reasonable solutions in large or infinite 
(continuous) state spaces.

 Some examples of local search algorithms 
are:
 Hill-climbing 

 Random walk

 Simulated annealing
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Finding the global minimum

 All the algorithms so far were useful for finding 
the local minimum.

 Test multiple initial points…

Multivariate problem is harder

Consequences of ascents

Help escaping the 
local optima.

desired effect

Might pass global optima
after reaching it 

adverse effect

N
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Annealing

 Annealing is a thermal process for obtaining 
low energy states of a solid in a heat bath.

 The process contains two steps:
 Increase the temperature of the heat bath to a 

maximum value at which the solid melts.
 Decrease carefully the temperature of the heat bath 

until the particles arrange themselves in the ground 
state of the solid. Ground state is a minimum energy 
state of the solid.

 The ground state of the solid is obtained only if 
the maximum temperature is high enough and 
the cooling is done slowly.

Simulated Annealing

 A successor function that returns a “close” 
neighboring solution given the actual one. This 
will work as the “disturbance” for the particles 
of the system.

 A target function to optimize that depends on 
the current state of the system. This function 
will work as the energy of the system.

 The search is started with a randomized state. 
In a polling loop we will move to neighboring 
states always accepting the moves that 
decrease the energy while only accepting bad 
moves accordingly to a probability distribution 
dependent on the “temperature” of the system. 

Simulated Annealing

 The distribution used to 
decide if we accept a 
bad movement is know 
as Boltzman
distribution.

Decrease the temperature slowly, accepting less bad 
moves at each temperature level until at very low 
temperatures the algorithm becomes a greedy hill-
climbing algorithm.

γ is the current configuration of the system, E γ is the 
energy related with it, and Z is a normalization 
constant.
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Simulated annealing

 Stochastic method

 Sometimes take up-hill 
steps to avoid local minima

 Solution is gradually frozen

Simulated Annealing

 Acceptance criterion and cooling schedule

Simulated annealing
Practical Issues

 Cost function must be carefully developed, it 
has to be “fractal and smooth”.

 The energy function of the left would work 
with SA while the one of the right would fail.
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Simulated annealing
Practical Issues

 In asymptotic convergence simulated 
annealing converges to globally optimal 
solutions. 

 In practice, the convergence of the algorithm 
depends of the cooling schedule.

 There are some suggestion about the cooling 
schedule but it stills requires a lot of testing 
and it usually depends on the application.

 Start at a temperature where 50% of bad 
moves are accepted.

 Each cooling step reduces the temperature by 
10%

 The number of iterations at each temperature 
should attempt to move between 1-10 times 
each “element” of the state.

 The final temperature should not accept bad 
moves; this step is known as the quenching 
step.

Simulated annealing
Practical Issues

Optimization

 Univariate methods

 Multivariate methods

 Simulated annealing

 Genetic algorithms
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Classes of Search Techniques

Components of a GA

A problem to solve, and ...

 Encoding technique       (gene, chromosome)

 Initialization procedure                (creation)

 Evaluation function                 (environment)

 Selection of parents               (reproduction)

 Genetic operators    (mutation, recombination)

 Parameter settings             (practice and art)

Simple Genetic Algorithm

{

initialize population;

evaluate population;

while TerminationCriteriaNotSatisfied

{

select parents for reproduction;

perform recombination and mutation;

evaluate population;

}

}
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The GA Cycle of Reproduction

reproduction

population evaluation

modification

discard

deleted 
members

parents

children

modified
children

evaluated children

An Abstract Example

Distribution of Individuals in Generation 0

Distribution of Individuals in Generation N

Extra slides
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Derivative-free optimization
Simplex (Amoeba)

Simplex - 2D example
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